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Abstract Quadratic and cubic non-linear eddy-viscosity turbulence models (NLEVM) with low
Reynolds number (Re) correction were presented to provide better description of anisotropic
turbulence stresses in the numerical prediction of supercavitating ﬂows, which are accompanied
with large density ratio and large-scaled swirling ﬂow structures. The applications of the NLEVM
were carried out through a self-developed cavitation codes, coupled with a cavitation model based
on the transport equation of liquid phase. These NLEVM were veriﬁed capable of capturing more
accurate macroscopic shape and hydrodynamic property of supercavity by the benchmark problems
of supercavities over simple objects. Finally, the cubic NLEVM was further applied to the numerical
prediction of supercavitating ﬂow around a complex submerged vehicle. The corresponding cavitation
behaviors were explored in detail to provide beneﬁcial experience for further research. c© 2011 The
Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1103206]
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Supercavity represents the stage in which the di-
mension of cavity considerably exceeds that of the body.
Owing to the distinct drop of viscous force between the
object and its surrounding ﬂuid evaporating from wa-
ter into vapor, supercavitation has been utilized as a
perspective method for the drag reduction purpose of
high-speed underwater vehicle.
As for the numerical simulation of cavitating ﬂows,
CFD modeling framework has already demonstrated its
capability. Most of the mathematical models belong to
the so called homogenous equilibrium model (HEM).
Merkle et al.1 suggested a ﬁrst such model based on
the barotropic state equation between pressure and den-
sity. Kunz et al.2 proposed a second HEM based on the
transport equation of phase fraction to simulate par-
tial cavitation. Subsequently, Singhal et al.3 proposed a
third such kind of model deduced from Rayleigh-Plesset
bubble dynamics equation, and Zhang et al.4 applied
this model to simulate the cavitation inside liquid hy-
drogen. In recent years, this type of model has been
further improved. Srinivasan et al.5 developed a new
unsteady event tracking model which included a novel
cavitation-induced momentum defect term in the liquid
phase momentum equation, and obtained good quali-
tative agreement with experiments. Shams and Apte6
combined HEM model with large-eddy simulation to
predict small-scale cavitation.
Nevertheless, these existing numerical works were
basically grounded on linear eddy-viscosity turbulence
models (LEVM), in which the factitious isotropic rela-
tion between Reynolds stresses and the rate of strain
leaves the additional anisotropic stresses omitted. Con-
sequently, these models are known to fail in numerous
a)Corresponding author. Email: cyofjs@sjtu.edu.cn.
ﬂow situations. As supercavitation is concerned, the
cavitating regions are accompanied with large density
ratio, large-scaled streamline curvature and complicated
swirling ﬂows, thus the numerical prediction of super-
cavitating ﬂows claims the necessity of more accurate
turbulence models taking into account the anisotropy of
ﬂow ﬁeld. Non-linear eddy-viscosity models (NLEVM)
suggested by Speziale7 and Craft et al.8,9 have received
signiﬁcant interests since last decades, because of their
potential in returning better predictions than tradi-
tional linear EVM. The application of NLEVM to super-
cavitating ﬂows has seldom been carried out yet till now.
The primary aim of this work is to examine whether
NLEVM coupled with the current cavitation models can
be utilized to provide a more accurate numerical predic-
tion for supercavitating ﬂows.
The mathematical model of the HEM type com-
prises of the mixture continuity equation, the momen-
tum balance, the turbulence model, and the equa-
tion controlling phase-transition. The cavitation model
adopted here is an improvement to that of Kunz et
al.’s.2 In this model, the mass fraction rather than vol-
ume fraction equation of liquid phase was solved, with
the original mixture volume conservation abandoned.
In the current mathematical framework, turbulence
was modeled with EVM. That is, the linear eﬀect of
turbulence stress is reﬂected in the eddy-viscosity μt.
The linear k-ε model with low-Re modiﬁcation and the
local linear realizable k-ω model were adopted as the
basis of the NLVEM. In NLEVM, additional nonlin-
ear terms are introduced into the stress-strain relation,
making the Reynolds stresses a more general function
of mean velocities and vorticities. In the present work,
a quadratic NLEVM and a cubic NLEVM were used.
This quadratic stress-strain relation was ﬁrstly sug-
gested by Myong and Kasagi.10 A modiﬁed form of the
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Reynolds stress has been employed in the present work
as follows
R′ = 2μtfμβ1k
(
S′ikΩkj − ΩikS′kj
)
/ε−
2μtfμβ2k
(
S′ikS
′
kj − 1/3δijS′lkS′lk
)
/ε.
(1)
Here we replaced the original strain rate Sij in all the
terms with S′ij = Sij − 13δijSll, to consider the inher-
ent compressibility of cavitating ﬂows. It means that,
the large density ratio existing in supercavitating ﬂows
makes the divergence of the mean stream, viz. Sll, to
be considerable and the non-linear behavior around the
cavity surface may be greatly aﬀected by it. The Ωij
is the rate of rotation tensor, fμ is the low-Re coeﬃ-
cient by Lien and Leschziner,11 and β1 =
(
1− 12C1
)
/g,
β2 = (2− C2) /g are experimentally concluded coeﬃ-
cients, in which the g will be formulated in the following
equations.
The empirical coeﬃcient g in β1 and β2 is deduced
as a function of Sij and Ωij
g = fg (C3 − 1) + S˜
2
4 + 1.83
√
0.2S˜2 + 0.8Ω˜2
, (2)
fg = 1 + 0.95
⎡
⎣1− tanh
(
S˜
2.15
)2⎤⎦ , (3)
where S˜ = (k/ε)
√
2
(
Sij − 13δijSkk
) (
Sij − 13δijSkk
)
is
the full format of the expression for computation of
compressible ﬂows, Ω˜ = (k/ε)
√
2ΩijΩij , C1 = 0.45,
C2 = 1.25, and C3 = 2.6.
The cubic terms in the stress-strain relation were
introduced to obtain a higher order non-linear model
which can be more sensitive to streamline curvature
and swirl eﬀect. Craft et al.9 proposed a cubic
NLEVM which includes all the possible cubic terms.
In the present work, a similar but simpliﬁed model
was adopted, where we neglected the original terms of
SijSklSkl and SijΩklΩkl. Because it was found through
computation involving stress and rotation of the mean
stream that these terms were so small that they could
be neglected compared with the others. Meanwhile, the
modiﬁcation of S′ij = Sij − 13δijSll was also adopted as
in the quadratic one.
R′ = 2β1μt
k
ε
(
S′ikΩkj − ΩikS′kj
)−
2β2μt
k
ε
(
S′ikS
′
kj − 1/3δijS′lkS′lk
)
+
2βfβ3μt
k
ε
S′ikS
′
kj +
2βfβ4μt
k
ε
ΩikΩkj +
2βfβ5μt
k2
ε2
(
S′ikS
′
klΩlj +ΩilS
′
lkS
′
kj
)
, (4)
Table 1. Scales of the series of grids.
Serial number Grid scale near cavity interface Nodes
1 0.17Rn 125 990
2 0.10Rn 126 810
3 0.05Rn 142 360
4 0.01Rn 167 160
where S′ij , β1 and β2 are identical with those in the
quadratic case. The remaining coeﬃcients are deﬁned
as
β3 = β2ξ
2, β4 = 4η
2 β
2
1
β2
,
β5 = −β1β2
(
1− ξ
η
)
, βf =
3
2− η2 + ξ2 ,
ξ2 =
1
2
(
β1Ω˜
)2
, η2 =
1
8
(
β2S˜
)2
,
(5)
where S˜ and Ω˜ are the same as aforementioned.
A self-developed computer code served as the base-
line platform for computations, and the ﬁnite volume
method (FVM) was used to discretize the governing
equations. The transient term was approximated with
a three time level scheme with a second order accuracy.
The convective ﬂux was numerically estimated as the
combination of an implicit upwind scheme and an ex-
plicit deferred correction of higher-order scheme. The
high-order convection (HOC) schemes were limited with
the MUSCL limiter to keep the total variation dimin-
ishing (TVD). The linear algebra equation set for each
equation was solved using the strongly implicit proce-
dure (SIP) method.
In the works presented in the following sections,
three ﬂow conﬁgurations were considered to investigate
the applicability of the non-linear turbulence models to
the numerical prediction of supercavitating ﬂows. The
3D shapes of bodies as well as the conﬁgure of compu-
tational domains are illustrated in Fig. 1.
In cavitating ﬂows, the primary parameter is cav-
itation number which dominates the form and the de-
velopment stage of the cavity. The cavitation number,
denoted as σ, is deﬁned as
σ =
2(p∞ − pv)
ρV 2∞
. (6)
Here, p∞ and pv are the free-stream pressure and the
saturated vapor pressure respectively. V∞ is the free-
stream velocity.
A series of computational grids with diﬀerent mesh
ﬁneness were investigated to choose an appropriate one
in consideration of both numerical precision and com-
putational cost. The four grids listed in Table 1 were
examined.
The inﬂuence of grid on cavity radius R and cav-
ity interface thickness ΔR was of concern, where, ΔR is
deﬁned as the transverse distance across which the mix-
ture density ρm varies from 0.1ρl to 0.9ρl. Table 2 shows
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Fig. 1. Sketch of the 3-D objects and the computational domain conﬁgurations.
Fig. 2. Evolution of the predicted supercavities over disk cavitator by various turbulence models.
Table 2. Decrement ratio between the cavity interface thick-
nesses using each two neighboring grids.
Decrement ratio of ΔR
x/Rn
10 12 14 16
(ΔR1 −ΔR2)/ΔR1 11 % 20 % 28 % 41 %
(ΔR2 −ΔR3)/ΔR2 5.0 % 16 % 13 % 15 %
(ΔR3 −ΔR4)/ΔR3 2.7 % 0.8 % 1.2 % 0.0 %
the relative decrement ratios between the two computed
thicknesses using each two neighboring grids. Four dif-
ferent axial locations in the range of x/Rn=10−16 were
checked. It is apparent that grid-3 is adequate to cap-
ture the detailed information of the cavity.
Comparison between the shapes of disk cavities
simulated using NLEVM and LEVM are presented in
Fig. 2. For each turbulence model, cavity shape evo-
lution at four moments are shown. It is obvious that,
the cavity interface computed by LEVM continues ﬂuc-
tuating along with the development of re-entrant ﬂow.
However, NLEVM evidently restrains such ﬂuctuation
and keep more stable cavity shapes all the while.
The contrast shown in Fig. 3 indicates that the lin-
ear models induce strong surface ﬂuctuations of cavity
around the equilibrium position of average cavity ra-
dius, and bring a deviation from experimental result
with error of up to 16 %. On the other hand, such
ﬂuctuation of cavity interface was eﬀectively eliminated
when the NLEVM were applied. In this case, the cavity
proﬁles at diﬀerent moments congregate closely without
vibration and approach the experimental empirical for-
mula with an error of about 5 %.
Figure 4 illustrates the pressure distribution along
the suction side surface of the cavity encapsulated vehi-
cle with hemispheric head. The numerically predicted
pressure agrees well with the experimental one. Table 3
lists the predicted drag coeﬃcient of the disk cavity in
contrast with the analytical solution of potential ﬂow.
The result reﬂects the prediction accuracy of the non-
linear turbulence model.
Finally, a practical submerged vehicle with com-
plicated outline as shown in Fig. 1 was investigated.
The cubic k-ε model with low Re modiﬁcation was em-
ployed. Figure 5 systematically lists the simulated cav-
ities near the conical segment of the complex vehicle.
The cavity can generally be divided into three parts.
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Fig. 3. Cavity proﬁle evolution processes by diﬀerent turbu-
lence models.
The cavity of part I is controlled by the disk cavitator
with some inﬂuence by the vehicle’s body. The cavity
of part II emerges from the joint of the cone and the
Fig. 4. Pressure coeﬃcient distribution along the
hemispheric-head cylinder surface (quadratic low Re modi-
ﬁed k-ε model).
Table 3. Predicted drag coeﬃcients of disk cavity by
quadratic low Re modiﬁed k-ε model.
σ Numerical Analytical Relative error
0.10 0.921 0.902 2.11 %
0.05 0.879 0.861 2.09 %
0.03 0.868 0.845 2.72 %
0.01 0.845 0.828 2.05 %
Fig. 5. Flood contour of the numerically predicted cavities
over the complex vehicle under various working conditions
(cubic low Re modiﬁed k-ε model).
cylinder of the vehicle. The cavity of part III appears
at the suction side when the angle increases close to 8◦.
Figure 6 gives a comparison between the numerical
and the analytic results about the cavity length Lc1 in
free-stream direction at the condition of α = 0◦. Here,
Rn denotes the diameter of disk cavitator and Lc1 de-
notes the length of the cavity. Meanwhile, the result of
the commercial software “Fluent 6.3” is also presented
for contrast. In the computation of “Fluent”, the same
grid and cavitation model as used in the present work
were employed. A steady simulation was carried out
based on the segregated solver and the RNG k-ε turbu-
lence model.
The currently predicted tendency of the cavity
length against the cavitation number is similar with
that of “Fluent”. But it produces a cavity length more
close to that of the disk cavitator than the compu-
tational result of “Fluent”. This indicates that the
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Fig. 6. Axial length of the cavity versus the change of cavi-
tation number (α = 0◦).
Fig. 7. Drag coeﬃcients under diﬀerent navigation condi-
tions.
methodology adopted in this work reﬂects more clearly
the phenomenon that the inﬂuence of the afterbody is
not so great when the cavitation number is high. How-
ever, the cavity length begins to deviate from that of
the disk cavitator more and more evidently as σ de-
creases. This situation seems quite reasonable because
the inﬂuence of the continuously thickening cone on the
cavity will enhance as the cavity gradually elongates.
In other words, the primary cavity length is cut more
by the conical incline as σ drops more.
Figure 7 gives the predicted drag coeﬃcients under
various navigating condition of the vehicle. The drag
reduction eﬀect of the cavity can be obviously observed
when cavitation number is lowered, and similar reduc-
tion trend can be found for diﬀerent angle of navigation
pose. Additionally the angle has quite notable inﬂu-
ence on the drag, which rises greatly when the vehicle
is pulled up.
The quadratic and cubic NLEVM adopted in
the present work provided better description for the
anisotropic turbulence stresses, and were veriﬁed by
benchmark problems to be able to capture more ac-
curate macroscopic and hydrodynamic properties of su-
percavity than linear models. Ultimately the supercav-
itating ﬂows over a complex underwater vehicle were
numerically predicted, with the application of the cubic
NLEVM. The corresponding cavitation behaviors were
explored in detail to provide beneﬁcial technological ex-
perience for further research or prospective navigation
experiments.
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